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We present an analysis with several simple real-space statistics of the Virgo consortium’s cos-
mological N-body simulations. Signicant clustering rapidly develops well below the initial mean
interparticle separation 〈i〉, at scales at which the gravitational force on a particle is dominated
by that with its nearest neighbours. An approximate power-law behaviour in the two point cor-
relation function emerges, which in the subsequent evolution is continuously amplied and shifted
to larger scales, in a roughly self-similar manner. We draw the conclusion that what is essential in
the development of these correlations are the density fluctuations at the smallest scales due to the
particle-like (i.e. discrete) nature of the distribution being evolved, and not, as usually supposed,
the very small continuous (fluid-like) fluctuations at scales larger than 〈i〉.
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One of the central projects of contemporary cosmol-
ogy is to explain within a single framework the small
fluctuations observed in the temperature of the cosmic
microwave background radiation (CMBR) and the large
fluctuations observed in the distribution of galaxies and
other discrete objects. The current paradigm [1] for this
framework is the cold dark matter (CDM) cosmology,
in which it is (essentially) the growth under self-gravity
of very tiny initial perturbations in a collisionless fluid
which give rise to both kind of phenomena. The CMBR
fluctuations are explained - with apparently great obser-
vational success - by the very tractable evolution of the
fluid equations linearized in the perturbations. The ex-
tension to the formation of objects and their distributions
is much more dicult, involving the highly non-linear
regime of the equations. In practice the main theoretical
instrument in this regime is numerical N-body simula-
tion (NBS) [2]. From some given initial conditions (IC -
generally a Gaussian random eld with small-amplitude
correlated fluctuations) specied by the linear evolution
(and thus in principle constrained by observations of the
CMBR) these NBS are supposed to model the evolu-
tion of the continuous density eld under gravity into
the non-linear era. Ultimately catalogues of dierent ob-
jects are extracted for comparison with observations, and
the idea is that signicant information about the IC in
the continuous density eld can be extracted by such a
comparison. In this letter we re-examine the dynamics
in the non-linear regime of some of the most elaborate
cosmological NBS performed to date, those of the Virgo
consortium [3]. We conclude that the correlations which
emerge at these scales are not correctly understood as
the amplication of initially small fluctuations at larger
scales, but rather emerge from the large fluctuations, as-
sociated with the discreteness of the simulated system,
at the very smallest scales. We discuss the extremely
important consequences of this observation.
There are two widely used types of cosmological NBS:
‘particle-mesh’ (PM) and ‘particle-particle, particle-
mesh’ (P 3M) [2]. The Virgo consortium’s NBS are of
the latter type, and our discussion here applies directly
only to this type of NBS. The dierence between the two
methods has to do with how the gravitational force acting
on a particle is modelled. The PM type computes the
force from a potential calculated on a mesh, typically of
the same size as the initial mean interparticle separation,
while the P 3M method adds to this the direct contribu-
tion to the force from particles within the same mesh
cell. With either algorithm the relation between the sim-
ulated system and the physical system which one is at-
tempting to model - CDM particles evolving under their
self-gravity - is not at all evident. In NBS the mass of the
‘particles’ is (very) macroscopic, typically of the order of
a galaxy mass, and not the microscopic mass of a CDM
particle. PM NBS attempt to reproduce a treatment of
the CDM as a continuous fluid, with the ‘particle’ puta-
tively representing an element of the fluid. P 3M NBS
on the other hand can be explicitly seen to eectively de-
scribe the dynamics of point particles interacting through
gravity in an expanding Universe. The ‘particle-mesh’
part in the sum of the gravitational force can be under-
stood simply as a suciently accurate and ecient nu-
merical way of calculating the force due to points outside
the mesh cell, inside of which the force is calculated ex-
actly with a smoothed 1=r potential. This latter smooth-
ing can be understood as an eective ‘smearing’ of the
particles like in PM , but now at a characteristic scale
 which, as we will see further below, is always much
smaller than the mesh size. Physical results are assumed
to be those independent of this smoothing scale, and in
fact it can be understood as a purely numerical artefact
introduced to avoid the divergence of the numerical time
step in the integration of the equations of motions.
In the cosmological context P 3M algorithms are
widely used [3,4] because they allow a much greater range
of spatial resolution while remaining numerically feasi-
ble. Despite its evident importance the central issue of
how this or indeed the PM type of NBS describe CDM
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has received surprisingly little attention in the literature.
Those studies which have been undertaken of some of
these issues [5] are inconclusive, but clearly support the
idea that discreteness may be very important indeed.
Our aim here is not to try to resolve this general ques-
tion. Rather we are interested in understanding what is
the dynamics which gives rise to the correlated structure
in the non-linear regime which is observed to emerge in
P 3M NBS, which as we have remarked are simply sim-
ulations of self-gravitating particles subject to some par-
ticular initial perturbations.
Usually the main instrument for characterising the
evolution of structure in NBS is the power spectrum
P (k) = j(k)j2 where (k) is the Fourier transform (FT)
of the density contrast eld. In NBS it is calculated
by assigning a local mass density on a grid, and then
performing a fast FT. When calculated, the real space
two-point correlation function (r) is obtained by taking
the FT of P (k). Here our approach is to look directly
at real space quantities, calculated directly from the un-
smoothed particle distributions. Given what we have said
about the nature of the P 3M NBS, this is a reasonable,
and, as we will see, instructive approach. It is the one
used in a recent study [6] through NBS of gravitational
dynamics in a purely Newtonian (non-expanding) system
of particles with Poissonian IC. In this case the method
has been used to establish the essential role played by
particle fluctuations in the formation of structures.
We have analyzed three cosmological NBS performed
by the Virgo consortium [3]. They are all CDM models
with N = 2563 particles and gravitational force smooth-
ing length  = 0:036 Mpc=h ∗. They all have the same
value of the cosmological parameters, with in particular
total mass density Ω = 1. The rst two NBS, which
we refer to as S-I and S-II, are of the \standard" CDM
type, diering only in their resolution (number density):
For S-I the volume V of the simulation is a cube of side
L = 239:5 Mpc=h, while for S-II L = 84:5 Mpc=h. The
third NBS, S-III, is the same as S-I, except that its IC
are (slightly) dierent as they are those prescribed by a
CDM model. In S-I and S-III each particle then rep-
resents a mass of mp = 2:27  1011 solar masses while
in S-II mp = 1:0  1010. In S-I and S-III we nd that
the initial mean interparticle separation hii  1 Mpc=h,
while in S-II hii  0:33 Mpc=h. Hence hii   in all
three NBS as noted above. The NBS are all run from
a red-shift of z = 50 until today (z = 0), i.e. for a
time which is essentially the age of the Universe †. This
means that the time of evolution is essentially one dy-
namical time dyn  1=
p
G, where the latter is sim-
∗With this smoothing the force is 53.6% of the true 1/r2
force at  and more than 99% at 2 [3].
†In these matter dominated cosmologies the time is given by
t = to/(1 + z)


















































FIG. 1. Two-point conditional density for the NBS S-I. The
initial mean interparticle separation 〈i〉 and the softening
length  are shown, as well together with the best power-law t
at the end of the simulation. In the insert panel the evolution
of the reduced correlation function ξ(r)is shown.
ply the characteristic time scale associated with a mass
density  = Nmp=V . A particle typically moves by a
distance of order the lattice spacing in this time.
Let us rst consider S-I. The rst statistic we con-
sider is the conditional density [7,8] given by Γ(r) =
hn(r)n(0)i=hni where n(r) is the microscopic number
density. It is simply the mean density of points at a
distance r from an occupied point. It is plotted in Fig.1
for a sequence of time slices, beginning from the initial
distribution at z = 50 until today. Also shown is the pre-
initial ‘glass’ conguration. This pre-initial distribution
(often taken as a regular lattice in NBS) is obtained by
evolving the simulation with the sign of gravity reversed,
which makes the particles settle down to a \uniform"
conguration in which the force on each particle is very
close to zero [2]. This system is very isotropic but it is
still characterized by long-range order similar to that of a
regular lattice [8]. This distribution is then perturbed in
a way prescribed by the power spectrum of the theoretical
model to obtain the IC of the NBS at the initial redshift
z = 50 (A real space analysis of the IC in these NBS
complementary to that here is given in [9]. Very signif-
icant dierences between these and those expected from
the theoretical input power spectrum are found.) The
behaviour of Γ(r) for the glassy conguration and these
IC at z = 50 are very similar. This is because the per-
turbations are very small in amplitude compared to the
initial interparticle separation hii. The highly ordered
lattice-like nature of the initial distribution is manifest:
there is an excluded volume around each point so that
Γ(r) is negligible until very close to hii, where it shows a
small peak, with some oscillation about the mean density
evident corresponding to the long-range order [8]. When
the evolution under self-gravity starts the excluded vol-
ume feature is rapidly diluted, having almost completely
disappeared by z = 3 (t = 0:125to). This corresponds

















FIG. 2. The behaviour of the average total force on a point
(and its variance) due to the mass in a sphere of given radius r
about it, for the pre-initial (glass) and initial particle distribu-
tion. The contribution from a single particle at distance 〈i〉
is also shown. The units are given by the choice Gm2p = 1.
scales where it was completely absent in the IC.
Let us consider what is driving this dynamics. In Fig.2
we show, for the pre-initial and initial perturbed cong-
uration, the mean value of the magnitude of the gravi-
tational force on a given point due to the mass inside a
sphere of radius R centred on it. In the pre-initial dis-
tribution the force is indeed zero within the errors, as
expected. In the perturbed congurations one sees that
the \long-range" contribution dominates only marginally
(by a factor of about three) over that coming from the
nearest neighbour (NN) [9]. On the gure is shown also
the force on a point due to a single other one at a dis-
tance hii: it is, as expected, of order the force due to the
nearest points. When points move towards their NN the
rst contribution grows as one over the distance squared
while the latter changes, supposing that the validity of
linear growth of fluctuations at larger scales, in propor-
tion to the scale factor, i.e. as 1=(1 + z). Thus at z = 5
we would expect the latter to grow by a factor of 10 and
thus the NN force to dominate below about hii=5. That
this is indeed the case is very clearly conrmed by con-
sidering the evolution of the NN distribution during the
simulation. In Fig.3 the probability that the NN of a par-
ticle lies at a distance r is shown, again in dierent time
slices. The initial distribution (not shown) is extremely
peaked about hii, then broadens and develops a second
peak at small scales. This second peak at small scales is
a clear \ngerprint" for the dominance by NN interac-
tions: it is just above the smoothing scale  in the force.
The build-up of neighbours around this scale is due to
the fact that the force which is driving their motion feels
the lower cut-o in it at this scale.
Between z = 5 and z = 3 we see - in this range of scales
completely dominated by NN interactions - the appear-
ance of an approximately power-law behaviour in Γ(r).
At z = 3 the amplitude of Γ(r) over most of the range














FIG. 3. Evolution of the nearest neighbor distribution in S-I
r < hii is greater than the mean density so that this
power law is also now seen in the normalised correlation
function (r) = Γ(r)=hni−1 shown in the inset of Fig. 1.
At the next time slice, at z = 1, the form of Γ(r) up to
approximately 0:3hii is almost precisely the same, being
simply amplied by an order of magnitude. At the same
time the power law extends slightly further before flat-
tening from Γ  3hni to a smooth interpolation towards
its asymptotic value. The evolution in the remaining two
time slices is well described over the range Γ(r) > 3hni
as a simple amplication, and translation towards larger
scales, of Γ(r). At the nal time the power law (with
exponent γ  −1:7) extends to  2hii.
Let us now also consider the other NBS: S-II and S-III.
In both cases we nd the same qualitative evolution (see
Fig.4) as observed in the S-I simulation in the range of
scales we are discussing. The principal dierence is in the
dependence of the amplitude and extent of the power-law
type behaviour in Γ(r) as a function of time. In S-II the
clustering develops more rapidly initially at small scales,
while S-III lags behind relative to S-I. The reason for this
dierence is simply traceable to the relative amplitude of
the perturbations in each case to the pre-initial distribu-
tion: S-II has the same perturbation eld superimposed
on a distribution with a smaller initial interparticle sepa-
ration 0:33hii, while the perturbation eld at the scale
of the lattice in S-III is smaller in amplitude than in S-I.
Thus it takes shorter (or longer) for the NN contribution
to the force to dominate and the evolution of clustering
due to these forces starts faster or slower.
Apart from this dierence the evolution is however
strikingly similar. Note, for example, the almost per-
fect superposition of Γ(r) for S-III at z = 0 and S-I at
z = 0:3. The evolution of clustering in the non-linear
regime thus appears to be almost independent of the IC,
except trivially as represented by the dierence in am-
plitude. Some dependence on the IC is evident at larger
scales, but it is a weak residual dependence imposing a
small deviation from the power-law which is formed at
and then translated from the smallest resolved scales. In
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FIG. 4. Comparison of the time evolution of Γ(r) in S-I,
S-II and S-III, normalized to the mass density.
[6] a very similar behaviour is observed in the evolution of
clustering of particles by Newtonian forces, without ex-
pansion and with simple Poissonian IC. The authors give
a physical interpretation of this clustering in terms of the
exportation of the initial \granularity" in the distribution
to larger scales through clustering. The self-similarity in
time of Γ(r) is explained as due to a coarse-graining per-
formed by the dynamics: one supposes a NN dynamics
between particle-like discrete masses, with the mass and
physical scale changing as a function of time as the clus-
tering evolves (particles forming clusters, clusters form-
ing clusters of clusters etc.). This would appear to pro-
vide a good explanation for the behaviour observed here
as well, but further theoretical work is clearly needed to
establish this and nd a more quantitative description.
The primary conclusion we draw from our real space
analysis of the Virgo NBS is therefore that the fluctu-
ations at the smallest scales in these NBS - i.e. those
associated with the discreteness of the particles - play
a central role in the dynamics of clustering in the non-
linear regime. In particular the power-law type corre-
lations appear to be built up from the initial clustering
at the smallest scales. The nature of the clustering (in
particular the exponent of the power-law) seems to be in-
dependent of the IC, and its physical origin should be ex-
plained through the dynamics of discrete self-gravitating
systems. The fluid-like statistical description [8] and
equation of motions do not consider the non-analytical
\particle" term of noise which is represented by NN in-
teractions, while the gravitational force on an average
point of a Poisson distribution is indeed given by its NN
[10]. Large-scale small-amplitude density fluctuations do
not give rise to any relevant contribution to the force act-
ing a point, because of symmetry reason: i.e. large-scale
isotropy [10].
This conclusion is in disagreement with the usual inter-
pretation given of the origin of these correlations: they
are supposed to represent the evolution of the small fluc-
tuations imposed in the IC (at scales larger than the scale
to which these correlations nally extend) in the non-
linear regime of a set of fluid equations. The dynamics
we have described is essentially dependent on the gravi-
tational forces at the smallest resolved scale in the NBS,
and the small smooth component of the force added to
this by the perturbations at larger scales appears to be
irrelevant in the non-linear regime. In cosmology this
supposed link between the IC and the \predictions" for
structure formation at larger scales is very important,
as it is through it that one tries to constrain models
using observations of galaxy distributions. Our conclu-
sions completely change the perspective on this problem.
Power-law correlations of this type are the most striking
and well established feature of such distributions [1,7].
The theoretical problem of their origin therefore must
deal with the apparently crucial role in their formation of
an intrinsically highly fluctuating (and thus non-analytic)
density eld. In particular the origin of the exponent in
the correlations and the dependence of the extent of such
correlations on the discretization (physical or numerical)
needs to be understood. In particular we note that, de-
spite the centrality of discreteness, the clustering found
in the Virgo NBS (and those of [6]) is almost independent
of the smoothing scale  which cuts o the force at small
distances. We will be studying this and other issues in
future work.
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